Abstract. In Ho, Russell [15] , and Weiss [33] , a Carleson measure criterion for admissibility of one-dimensional input elements with respect to diagonal semigroups is given. We extend their results from the Hilbert space situation X = ℓ 2 and L 2 -admissibility to the more general situation of L p -admissibility on ℓq-spaces. In case of analytic diagonal semigroups we present a new result that does not rely on Laplace transform methods. A comparison of both criteria leads to result of L p -admissibility for reciprocal systems in the sense of Curtain [5] .
Introduction
Consider the infinite dimensional linear system described by the differential equation (1.1)
x ′ (t) + Ax(t) = Bu(t) x(0) = x 0 ∈ X on a Banach space X. We assume that −A generates a strongly continuous semigroup S(·) on X. Then the spectrum of A is necessarily contained in some half plane C β , β ∈ R. Choosing some element λ of the resolvent set ̺(−A), we may define the Banach space X 1 = (D(A), (λ+A) · ), and the so-called extrapolation space X −1 defined as the completion of X with respect to a resolvent-norm (λ+A) −1 · for some fixed λ ∈ ̺(−A) (see [8, 14] for more details on these spaces). Since X is dense in X −1 , the semigroup S extends in a natural way to X −1 ; for the sake of simplicity we denote this extension also S.
Let U be another Banach space, and assume that B ∈ B(U, X −1 ). A solution of (1.1) is necessarily of the form x(t) = S(t)x 0 + t 0
S(t−s)Bu(s) ds
Notice that x(t) is a well-defined element of X −1 for t ≥ 0 but that, in general, there is no reason why x(t) should be an element of X. The integral here is considered as a Bochner integral in X −1 and we suppose that the integral takes values in X. The operator B is called (infinite-time) L p -admissible for A, if the constant K in (1.2) can be chosen independently of τ > 0.
In the case where the rank one operator B, defined by Bu(t) = bu(t) for b ∈ X −1 , is (finite-time) L p -admissible, we say that b is an L p -admissible input element. When p < ∞, a density argument shows that B is (infinite- holds for all u in the Schwartz class. We remark that due to the semigroup property, L p -admissibility in finite and infinite time coincide for uniformly exponentially stable semigroups. For the special case p = 2 there is a large literature on the notion of admissibility. Among the early abstract formulations of admissibility we refer e.g. to [25, 34, 35, 36] . A more recent publication [17] gives a detailed survey of the subject.
In this article we restrict our focus to sequence spaces X = ℓ q . Moreover, we assume −A to be the generator of a bounded diagonal semigroup S(·) where S(t)x n = exp(−λ n t)x n , n ∈ N. We consider the control system (1.3)
x ′ (t) + Ax(t) = bu(t), for t > 0 and x(0) = 0 with input element b = (b n ) ∈ X −1 := (ξ n ) :
ξn 1+λn ∈ X . Our aim is to give conditions for L p -admissibility of b for A on X = ℓ q , i.e. conditions to guarantee the estimate or the respective estimate for convolutions derived from (1.2) with a uniform constant K for all times t > 0. We present two criteria, both via a (generalised) Carleson measure property of a discrete measure, associated with the numbers b n and the eigenvalues λ n of A. The first result is a generalisation of a result of Ho, Russell and Weiss. It provides a sufficient condition for L p -admissibility in the case p ≤ 2 that characterises L p -admissibility if in addition p ′ ≤ q where p ′ is the conjugate exponent defined by
The second result is new and treats the case of analytic semigroups. It does not rely on Laplace transform methods and therefore allows p and q to be chosen freely in (1, ∞) . It provides a sufficient condition for all p and q that is necessary in the case p ≤ q. Notice that, in contrast with the first result this allows us to characterise L p -admissibility on X = ℓ p for all p ∈ (1, ∞). In the last section we discuss the two criteria. This leads naturally to so-called 'reciprocal systems' and the question of whether admissibility of a system implies (or is implied by) admissibility of the associated reciprocal system. We present two results, one for general strongly continuous semigroups and the other for analytic semigroups.
Preliminaries on α-Carleson measures
be the Poisson kernel on R d and let (Pf )(x, t) = P t (x − y)f (y) dy be the Poisson extension of f to the half space R d+1 
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In the literature the choice of the exponent is not consistent (sometimes α is replaced by 1 / α ). For all α > 0, embedding α-Carleson measures are also geometric α-Carleson; this can be seen by applying the embedding estimate to the function P t * f where f = ½ Q is the characteristic function of Q. A celebrated theorem of Carleson [3, 4] states that both notions coincide for α = 1, Duren [7] extended this result to α ∈ (0, 1]. In case α > 1, the embedding α-Carleson property is strictly stronger than geometric one as Taylor and Williams [28] show with a counterexample on the complex unit disk. In Example 2.5 (d) below we give a similar example on the half space R 2 + . Both notions were subsequently treated in Amar and Bonami [2] . Variants of these results with weighted Hardy spaces have been obtained by McPhail [22] and Nakazi [23] . Applications of Carleson measures in the context of systems theory can be found e.g. in recent publications in [16] and [37] .
Let
, µ is called weakly embedding α-Carleson. We shall not go into details about this notion, but just mention that it is linked to the distinction between requiring the estimate (2.2) on all cubes or on all open sets (see [2, Theorem 1]), and consequently, the weak embedding notion implies the geometric one. In case α ≤ 1 all notions of (α)-Carleson coincide by the Carleson-Duren result; all three are strictly different in case α > 1.
In the case d = 1,Vidensiȋ [31] gives several equivalent conditions for µ to be embedding α-Carleson for α > 1, one of which is the Fefferman-Stein maximal function description. It follows from a maximal inequality due to Fefferman and Stein [9] . Indeed, let
where the sets Q in the above supremum are cubes in R d containing the element x. We call ψ µ the Fefferman-Stein maximal function.
Theorem 2.3. Let α > 1 and let β be its conjugate exponent satisfying 
where F (y) := P t (x − y) dµ(x, t) is the 'balayée' of µ. Notice that (x, t) ∈ T (Q) implies that B(x, t) ⊆ Q and so (2.4)
Denoting by M F the (uncentred) maximal function of F the above estimates yields
Another way of verifying that µ is embedding α-Carleson is to show that (2.1) holds for linear combinations of reproducing kernels by a density argument. Indeed, a continuous linear functional
that vanishes on all reproducing kernels k x satisfies 0 = l(k x ) = l(x) and therefore l = 0. It is natural to ask whether the embedding α-Carleson property can be tested on the reproducing kernels without taking linear combinations. This is sometimes referred to as the 'reproducing kernel thesis'. Lemma 2.4. Assume that for p, q ∈ (1, ∞) there exists a constant M > 0 such that
For ω ∈ R and r > 0, let λ = iω + r and use the shorter notation T ω,r for the tent T ((ω−r, ω+r)). Then the triangle inequality yields |k λ (z)| ≥ 1/(2r) for all z ∈ T (ω−r, ω+r) and therefore,
This shows that µ is geometric α-Carleson as claimed.
Using the Lemma and the results from Duren-Carleson and the aforementioned counterexample from Taylor and Williams, it becomes clear that a H p -L q (µ) version of the reproducing kernel thesis holds if, and only if p ≤ q. 
(b) For ω ∈ (0, π), let S(ω) := {z ∈ C\{0} : | arg z| < ω} and let S(0) := (0, ∞).
We say that µ is sectorial, if the support of µ is contained in a finite union of sectors iω k + S(θ k ), k = 1 . . . , n with ω k ∈ R and θ ∈ (0, π / 2 ). If µ is sectorial and geometric α-Carleson, intervals I containing a point x with sufficiently large absolute value need a length of at least ε|x| for T (I) to intersect with the support of µ. Therefore, geometric α-Carleson implies that the Fefferman-Stein maximal function is weak-L β . Consequently, sectorial measures µ that are geometric α-and geometric α-Carleson are embedding γ-Carleson for all γ ∈ (α, α) by Marcinkiewicz' interpolation theorem. 
whereas a substitution yields
for r → 0+. Therefore, the embedding α-Carleson property fails. (e) Finally we give an example of a discrete measure that is geometric α-Carleson without being embedding α-Carleson: let ε ∈ [0, 1) and γ ≥ 1 such that α = γ 1−ε > 1. Let µ = n∈Z * |n| −ε δ λn where λ n = 1 + in γ . Since µ(T (B(x, r))) = 0 for r < 1 we may suppose r ≥ 1. Since γ ≥ 1 the support of µ is either equidistant or thins out at infinity. Moreover weights decrease as |n| increases. Therefore
whence µ is geometric α-Carleson. Considering the tents T ((−x−1, x+1)) for x > 1, however, yields the estimate
Let β denote the dual exponent of α. Then, for n ≥ 2, it readily follows that
n + 1 where c ε,β,γ > 0. Now Theorem 2.3 allows us to conclude that µ cannot be embedding α-Carleson since the above estimate shows ψ µ ∈ L β (R).
In order to apply Carleson-type criteria for admissibility, we wish to replace the Poisson kernel by more general convolution kernels. In case α ≤ 1 the following result is due to Stein [27, Theorem II.5.9]. Theorem 2.6. Let q ∈ (1, ∞) and α > 1 / q . Let Φ be a function on R d that admits a radial, non-increasing, bounded and integrable dominating function ϕ.
The problem now boils down to the Poisson kernel estimate as follows:
The desired estimate
follows from Theorem 2.3 and [27, Proposition II.2.1].
Criteria for admissibility of diagonal systems
As a first result we present a Carleson measure criterion for admissibility of diagonal systems. 
which is finite for all θ > 1 / p ′ .
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To show that b is infinite-time L p -admissible, let τ > 0 and let u be a test function with support in [0, τ ]. Then its Laplace transform Lu is bounded and analytic on the right half plane and therefore can be reproduced by its (non-tangential) boundary values on iR. Notice that (Lu)(is) = F u(s) where F u denotes the Fourier transform of u.
In the last estimate we make use of p ≤ 2 and the boundedness of the Fourier transform from L p to L p ′ . Notice that the obtained constant is independent of τ > 0.
(
So, by Lemma 2.4, µ is geometric α-Carleson. Consequently, b ∈ X −θ for all θ > 1 / p ′ . It remains to show that µ is not embedding α-Carleson in general. We use Example 2.5 (e). For a given q ∈ (1, ∞) we choose ε ∈ (0, 1) such that q ε > 1. Then b = (b n ) with b n = n −ε will satisfy b ∈ ℓ q . For a given α > 1, let γ and (λ n ) be chosen as in the example. Let p ′ = αq. Using Hölder's inequality and the fact that Re(λ n ) = 1,
and so b is L p admissible. However, as shown in the Example 2.5 (e), the embedding α-Carleson property fails.
Bibliographical notes. Part (a) of the theorem in the case p = q = 2 is due to Ho, Russell [15] and the case α ≤ 1, in which the geometric and the embedding α-Carleson properties coincide, was found by Unteregge [30] independently. Part (b) of the theorem is due to Weiss [33] , but we provide a different proof.
In the proof of Theorem 3.1, the embedding α-Carleson property is applied somehow indirectly: first the desired estimate is transformed into an interpolation problem for the Laplace transform of u, which makes it necessary to use boundedness of the (inverse) Fourier transform; in the end the unaesthetic restriction p ≤ 2 seems inevitable. This is particularly embarrassing since p = q is a very natural case to consider.
The next result overcomes this obstacle; it makes no use of the Laplace transform but instead directly uses the convolution estimate from Theorem 2.6. However, it requires analyticity of the semigroup S(·) as an additional assumption. We recall some notation: we recall that a sectorial operator A of type ω ∈ [0, π) in a Banach space X is a closed linear operator A satisfying σ(A) ⊆ S(ω) and, for any ν ∈ (ω, π), sup λR(λ, A) : | arg λ| ≥ ν < ∞.
An operator −A generates a bounded analytic semigroup in X if and only if A is a densely defined sectorial operator in X of type < π / 2 . Theorem 3.2. Let p, q ∈ (1, ∞) and αq = p. Let θ ∈ (0, π / 2 ) and let A be an injective diagonal operator on X = ℓ q with eigenvalues λ n ∈ S(θ). Let b = (b n ) be a sequence of complex numbers and consider the discrete measure
In particular, the α-Carleson property of µ characterises L p -admissibility of b in the case p ≤ q.
Notice that if 0 ∈ ̺(A), then bn λn n ∈ ℓ q and consequently µ is a finite measure. If α ≤ 1 and if ν is α-Carleson, the above inequality immediately yields that µ is α-Carleson. Next, suppose that α ≤ 1 and that µ is α-Carleson. Observe, that we may suppose for any tent T ω,r that |ω| ≤ tan(θ) r since otherwise there is no intersection of the tent with the sector S(θ). This implies the estimate 
, and so Lemma 2.4 yields that µ is geometric α-Carleson.
L p -admissible control operators
We now consider the case that U = X = ℓ q . Let B : U → X −1 be linear and bounded. Then there are functionals ϕ n ∈ (ℓ q ) * such that (Bu) n = ϕ n , u . Indeed, B is determined by its values on any basis (e j ) of U . We choose (e n ) to be the standard basis in ℓ q . Let ϕ n be the sequence e n , Be j ∞ j=1 , i.e. ϕ n is the scalar sequence of n th coordinates of the vector-valued sequence (Be j ). Then, for u = (u j ) ∈ U , and n ∈ N, e n , Bu = e n , u j Be j = u j e n , Be j is a finite number whence ϕ n ∈ (ℓ q ) * for all n. So, e n , Bu = ϕ n , u , which proves the claim. This means that any bounded linear operator B : U → X −1 may be interpreted as a certain sequence of functionals. The following proposition is a direct generalisation of [29, Proposition 4.8.6 ].
Proposition 4.1. Let X = U = ℓ q and 1 < p ≤ q < ∞. Let (ϕ n ) be a sequence of elements in U * = ℓ q ′ and consider the scalar sequence b defined by b n = ϕ n and let the operator B defined by (Bu) n = ϕ n , u .
Then, if b is an L p -admissible input element for A, B is bounded from U to X −θ for all θ > 1 / p ′ and B is an L p -admissible control operator for A.
Proof. From the proof of Theorem 3.1, we know that b is an element of X −θ for all θ > 1 / p ′ . The elementary estimate | ϕ n , u | ≤ u ϕ n then implies that B is linear and bounded from U to X −θ . Now let u ∈ L p (0, ∞; U ) = L p (0, ∞, ℓ q ) and let u j (·) denote its coordinate functions. Then 
Now, by assumption, we may estimate
where the last estimate
is a easy corollary of Minkowski's inequality, see e.g. [6, Exercise VI.11.14].
Notice that combining the Proposition with Theorems 3.1 and 3.2 yields a sufficient condition for L p -admissibility for control operators B : U → X −1 via a Carleson measure criterion under suitable conditions on p and q.
L
p -admissibility of reciprocal systems 
is called the associated reciprocal linear system to (1.1). By considering Lyapunov equations Curtain shows in the case of Hilbert spaces X and U that, under the assumption that 0 ∈ ̺(A), an operator B is infinite-time L 2 -admissible for A if and only if A −1 B is infinite-time L 2 -admissible for A −1 (see [5, Theorem 5] ). We shall discuss generalisations of this result below.
Analytic semigroups on Banach spaces. The famous Weiss conjecture (see [36] ) states that L 2 -admissibility of a control operator B between Hilbert spaces U and X is characterised by the boundedness of the set
in B(U, X). The conjecture holds for normal semigroups and U = C but fails even in case of U = C for general semigroups on Hilbert spaces (see [18] ). For a survey on positive and negative results concerning the Weiss conjecture we refer to [17] . For analytic semigroups, L 2 -admissibility is characterised by (5.2) even in Banach space under an inevitable additional condition (see [19] ). This characterisation hal-00274320, version 2 -10 Dec 2008
has subsequently been generalised to L p -norms with certain weights (see [13] and [12] ). We briefly summarise some required notions and results:
For sectorial operators A there exists a natural functional calculus on the algebra of functions
that is given by f (A) := Γ f (z)R(z, A) dz. Here, Γ is the positively orientated boundary of a sector S(θ) containing the spectrum of A (see [14, 20] for more details). Since B = A 1 /2 always satisfies condition (5.2), we find that whenever the Weiss conjecture holds true, one has [12, Remark 1.6] ). This is due to the fact that L p * -estimates for A are equivalent to X ֒→ (
We quote a characterisation of admissibility for control operators from [12] . Recall that a sectorial operator with dense range is actually injective (see [21, Thm. 3.8] ). Then the following assertions hold:
A,B is bounded and the adjoint operator
As in the case p = 2, the additional condition in (b) is optimal.
Corollary 5.2. Let p ∈ [1, ∞) and A be a densely defined sectorial operator of type ω < π / 2 with dense range on X and let B ∈ B(U,
Proof. Notice that whenever ϕ ∈ H ∞ 0 (S(θ)), the function ψ(z) = ϕ( 
where 
implies that b is L p -admissible for A since in this case the Lorentz space ℓ q,p embeds into ℓ q,q = ℓ q . Both theorems coincide therefore in this case and it is remarkable, that the restriction p ≤ 2 in Theorem 3.1 may be weakened to p ≤ q if q > 2, thus allowing in particular the natural choice p = q for all p ∈ (1, ∞). In view of Example 2.5 (e) analyticity of the semigroup seems to be a necessary restriction to guarantee this improvement of Theorem 3.1.
If, conversely, b is L p -admissible for A, Corollary 5.2 guarantees the L p′ -admissibility of A −1 b for A −1 when p ′ ≤ q and Theorem 3.2 yields that µ is geometric α-Carleson, so both theorems again coincide.
Arbitrary semigroups on Banach spaces. In the sequel we want to get rid of the assumption of analyticity and give a more direct argument for passing from L p -admissibility of B to L Proof. Let T > 0. Then we may find ε > 0 such that B is L p -admissible for the shifted semigroup e +ε t S(t) as well. By formula (5.7) with ν = 0 we obtain ≤ M e
From [1, Formula (9.6.16)], we deduce the following integral representation Now, since lim t→0 f (t) = T it is clear that e −ε t f (t) is integrable on (0, ∞) for any ε > 0. Thus C T < ∞ and so A −1 B is finite-time L 
